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Abstract
We consider two-body and quasi-two-body decays of the type f1 → f2B, where f1 and
f2 are spin-1/2 fermions and B a spin-0 or spin-1 boson. After recalling the
non-covariant formalism for decay amplitudes, we derive the expression of the
differential decay width and of the polarizations of the final spinning particles, both on-
and off-shell. We find an intriguing geometrical interpretation of the results about the
polarization. We also illustrate some methods for measuring the polarizations of the
resonances and for optimizing data analysis. Then we propose applications to
semi-leptonic weak decays, with a major attention to the T -odd component of the
polarization; this may help to find, simultaneously, possible time-reversal violations and
hints to physics beyond the standard model. We suggest also a CPT test. Last, we
discuss some T -odd observables for the production process of f1 and for the study of the
strong final state interactions of non-leptonic decays.
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1 Introduction
The search for new physics (NP) beyond the standard model (SM) is especially stimulating
now, that the Higgs boson has been found[1, 2]. Indeed, the SM has achieved a resounding
success, thanks to the wealthy of experimental confirmations. However, it presents several
unsatisfactory aspects[3-5] and has to be regarded, at best, as an effective low-energy
approximation[6] of the theory of the fundamental particles. Therefore it is essential to
realize experiments where, either a clear contradiction with the SM is found, or at least
more stringent constraints on physics beyond it are established. Indeed, in the past few
years, some data concerning semi-leptonic decays exhibited strong tensions with the SM
predictions[7-11].
Confirmations to such hints are expected from the polarization of spinning particles
produced in weak decays, particularly the semi-leptonic ones, like
t→ bℓνℓ, Λb → Λcℓν¯ℓ. (1)
Here ℓ denotes a charged lepton, including τ , and νℓ (ν¯ℓ) the corresponding (anti-)neutrino.
Parity violation in the production of the decaying particles favors their polarization: the
Λb (and Λ¯b) coming from the transition e
+e− → Z → bb¯ [12, 13] have a sizable polarization
and the top produced in the t-channel is strongly polarized[14].
These circumstances offer the opportunity of defining new observables which are
sensitive to NP. For example, in the Λb decay, the polarization of the charged lepton
or of the final baryon may reveal deviations from the SM[15]. However, given the wealth
of available data about the top quark, and its presumable coupling to new particles, the
high energy physicists are mainly attracted by the mechanisms of production and decay of
this particle. Indeed, the importance of such processes was stressed even before its very
discovery[16-19]. Successively, a lot of papers were dedicated both to the decay[20-26]
and to the production[27-31] of the top quark, either performing precise SM predictions
with QCD corrections[20, 21, 22, 28, 31], or suggesting tests for physics beyond the
SM[27, 29, 30, 23, 24, 25].
An especial attention deserve the T -odd3 observables, like the normal component
of the polarization[34], for which, in a semi-leptonic decay of the type (1), the SM
predicts quite a small value[35]. Indeed, in this model, decays like (1) proceed only
through the intermediate vector boson W , therefore no time reversal violation (TRV)
occurs. However, tiny (and calculable[36, 37]) T -odd effects are produced by final-state
electromagnetic spin-orbit[38, 39] interactions, giving rise to a negligibly small T -odd
(naive T [32]) polarization. Therefore, a sizable value of such an observable would be
a simultaneous signature of NP[23, 24, 16, 19, 40] and of TRV[41]. This may happen
if some non-standard coupling[16,18,23,42-46], like a charged higgs exchange[47-52] or
V + A[24, 19], has a non-trivial relative phase with respect to the SM amplitude.
3We refer, throughout the paper, to the motion reversal operator[32], which includes both real time
reversal and certain rotations that invert momenta and spins[33]
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In the present paper, we examine in detail the polarizations of the initial and final
particles in a (quasi-)two-body decay of the type
f1 → f2B, (2)
where fi are spin-1/2 fermions and B is a spin-0 (S) or spin-1 (V ) boson. This includes
the decays (1) - assuming they occur through theW -boson and through the charged Higgs
H -, and non-leptonic decays like
Λb → ΛJ/ψ, Λb → Λcρ−, Λc → Λπ+(K+). (3)
Our approach is based on the non-covariant formalism of the spin density matrix,
analogously to Aguilar and Bernabeu[23, 24]. However, we propose a more general
method, applicable to the decays (1) and (3), which involve both on-shell and off-shell
bosons; moreover, in an optics of NP contribution to semi-leptonic decays, we take into
account the interference between a vector and a scalar boson. Last, we find some intriguing
features of the polarizations of the final particles. In particular, we establish a relation
between some measurable angle and a given quantum-mechanical phase; moreover, we
single out some T -odd observables, including the above mentioned angle, that are sensitive
to NP; we also indicate the most favorable conditions for exploiting the available data,
even when the statistics is not so rich.
Our main aim is to apply such results to specific semi-leptonic decays of the type (2),
quite suitable for testing the SM; however, also non-leptonic decays like (3) could give
important information about the T -odd effects of the strong interactions. Moreover, as
we shall see, also the polarization of the parent resonance may help to elaborate tests of
NP.
We dedicate Sect. 2 to the non-covariant formalism for the decay amplitudes,
considering both on- and off-shell bosons. In Sects. 3 and 4, we deduce the expressions
of the differential decay widths and of the polarizations for the decays (2), with on-shell
scalar and vector bosons respectively. In Sect. 5, we generalize our results to the case
of off-shell bosons, considering also the possibility of an interference between V and S.
In Sect. 6, we show some methods for measuring the polarizations of the final particles.
Sect. 7 is devoted to illustrating the optimization of the data analysis. In Sect. 8, we
discuss some applications to the search for NP and to the experimental determination of
T -odd strong interactions. Last, we draw some conclusions in Sect. 9.
2 Decay Amplitudes
2.1 Formalism
The non-covariant decay amplitudes provide a useful parametrization for the experimental
determination of the differential decay widths of two- and three-body decays[53]. Of
course, a correct description of such processes requires Lorentz Invariance (LI) of the
3
amplitudes[54]. However, in practice, these are constructed from four-vectors, which must
be defined in a given frame; this last, if accurately chosen, makes the parametrization of
the observables especially simple and intuitive.
In the framework of the non-covariant amplitudes, the helicity representation presents
some advantages over the L− S one[53]:
- one avoids the complication of splitting the angular momentum into an orbital and
a spin component;
- the helicities of the final particles are rotationally invariant, which allows to construct
states with a definite angular momentum, while preserving the individual polarization
properties of each particle;
- the decay amplitudes are themselves rotationally invariant.
The non-covariant helicity amplitudes were connected in the past years to LI form
factors both for semi-leptonic and non-leptonic two-body decays of the type (2)[55-59],
with the aim of introducing some models, based on some significant Feynman diagrams.
Here we propose a slightly different version of such a treatment, which leads to some
results, to be used in the successive sections. We consider the general case, where the
boson B is not necessarily on-shell and decays to more stable particles.
2.2 f1 → f2 S Decay Amplitude
We consider, not only the two-body decay of f1, whose amplitude we denote by hS, but
also some successive decay mode of S, described by the amplitude ℓS. Then the overall
amplitude of the process reads as
AS = hSDℓS. (4)
Here D is the propagator of S, i. e.,
D = (Q2 −M2 + iMΓ)−1, (5)
M and Γ being respectively the rest mass and the width of S and Q2 the modulus squared
of the four-momentum of S. hS is parametrized as
hS = u¯2OSu1, OS = F0(Q2) + γ5G0(Q2), (6)
where ui is the Dirac four-spinor of the fermion fi (i = 1, 2) and F0 and G0 are suitable
form factors. Fixing a coordinate system in a frame at rest with respect to f1, one has
hS = hˆS(m;λ; ~p) =
1√
2π
aλ(p)D1/2∗m−λ(φ, θ, 0). (7)
Here
~p ≡ (p sinθ cosφ, p sinθ sinφ, p cosθ) (8)
is the momentum of the boson in the frame that we have fixed; moreover m= ±1/2 and
λ = ±1/2 are, respectively, the z-component of the spin of f1 and the helicity of f2.
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D1/2m−λ is an element of the Wigner rotation matrix for spin-1/2 objects. Last, aλ(p) is the
rotationally invariant amplitude:
1√
2π
aλ(p) = F [F0(Q2) + 2λχG0(Q2)], F =
√
2Q1
√
E2 +Q2, χ =
p
E2 +Q2
, (9)
Qi being the modulus of the four-momentum of fi (i = 1,2) and E2 =
√
p2 +Q22.
2.3 f1 → f2 V Decay Amplitude
We have, analogously to the previous case,
AV = h
α
VDαβℓ
β
V , Dαβ = D(kαkβ − gαβ), k =
q
M
; (10)
here q is the four-momentum of V , while the other symbols are analogous to those
introduced above. hαV is parametrized as
hαV = u¯2O
α
V u1, O
α
V = Γ
α + Γα5 , (11)
Γα = F1(Q2)γα + F2(Q2)iσαβqβ + F3(Q2)qα, (12)
Γα5 = [G1(Q2)γα + G2(Q2)iσαβqβ + G3(Q2)qα]γ5. (13)
In order to get helicity amplitudes in the rest frame of f1, we introduce the four unit
four-vectors in the Minkowski space, i. e.,
ǫ(t) =
q
Q
≡ 1
Q
(p0,~0⊥, p), ǫ
(0) ≡ 1
Q
(p,~0⊥, p0), ǫ
(±1) ≡ ∓ 1√
2
(0, 1,±i, 0). (14)
Here p0 =
√
p2 +Q2. Now we introduce the completeness relation
∑
µ
ǫ(µ)†α gˆµνǫ
(ν)
β = gαβ, (15)
where gˆµν = 1 for µ = ν = t, -1 for µ = ν = 0, ±1 and 0 otherwise. By inserting Eq.
(15) into the first Eq. (10), we get
AV =
∑
µ
hˆV (m;µ, λ; ~p)DℓˆV (µ; σ; ~p). (16)
Here
hˆV (m;µ, λ; ~p) = h
α
V (kαk
β − gβα)ǫ(µ)†β (17)
and
ℓˆV (µ; σ; ~p) = gˆµνǫ
(ν)
α ℓ
α
V , (18)
σ denoting the set of possible quantum numbers (helicities, etc.) that characterize the
decay products of V .
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Proceeding analogously to the scalar case, the various amplitudes hˆV (m;µ, λ; ~p) result
in
hˆV (m; t, λ; ~p) =
1√
2π
at,λ(p)D1/2∗m−λ(φ, θ, 0), (19)
hˆV (m; 0, λ; ~p) =
1√
2π
a0,λ(p)D1/2∗m−λ(φ, θ, 0), (20)
hˆV (m;±1,±; ~p) = 1√
2π
a±1,±(p)D1/2∗m±1/2(φ, θ, 0), (21)
with
1√
2π
at,λ(p) = −ξF
Q
[p0(FA − 2λGA)− p(FB − 2λGB)], (22)
1√
2π
a0,λ(p) = −F
Q
[p(FA − 2λGA)− p0(FB − 2λGB)], (23)
1√
2π
a±1,±(p) = −
√
2F{−χF1(Q2) + pF2(Q2)± [G1(Q2) + pχ(G2(Q2)]} (24)
being the helicity amplitudes. Here
FA = F1(Q2) + χpF2(Q2) + p0F3(Q2), (25)
GA = χG1(Q2)− pG2(Q2)− χp0G3(Q2), (26)
FB = χF1(Q2) + pF3(Q2), (27)
GB = G1(Q2)− χpG3(Q2) (28)
and
ξ = 1− Q
2
M2
. (29)
2.4 Remarks
A) If the boson B decays into two spin-1/2 fermions, B → f ′1 f ′2, the structures of
the factors ℓS, Eq. (4) and ℓ
β
V , first Eq. (10), are, respectively, quite similar to (6) and to
(11).
B) If Q2 << M2, the propagator D is well approximated by a constant, −M−2; this
occurs typically for the gauge bosons in weak decays of hadrons and amounts to the
current-current approximation.
C) In the case of an off-shell vector boson, we are faced with its non-spin-1 component t
and with the helicity amplitude at,λ, involved, e. g., in the charged pion decay. Moreover,
the parameter ξ, Eq. (29), is well approximated by 1 if Q2 << M2, as occurs typically in
the semi-leptonic decays of known hadrons. On the contrary, if V is on-shell, ξ vanishes
and at,λ is zero. In the semi-leptonic decay of the top quark, where the W may be either
on- and off-shell, the use of the complete formulae, that we have proposed just above, is
recommended[17].
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D) If V = W , the propagator Dαβ, second Eq. (10), is a consequence of the choice
of the unitary gauge, which is mandatory in the case of an off-shell boson[60]. Moreover,
gauge invariance demands F3 = G3 = 0.
E) The terms proportional to λ in Eqs. (22) and (23) and the term within square
brackets in Eq. (24) are parity-odd, since they correspond to the term (13).
3 On-shell Case - Polarizations in f1 → f2S Decays
3.1 Spin Density Matrix of f2
The spin density matrix of f2 in the rest frame of f1 reads as
ρf2λλ′(θ, φ; p) =
1
N0
∑
mm′
hˆS(m;λ; ~p)ρ
f1
mm′ hˆ
∗
S(m
′;λ′; ~p). (30)
Here hˆS is given by Eq. (7) and N0 is a normalization constant, to be determined in a
moment; moreover,
ρf1 =
1
2
(I + ~σ · ~P f1) (31)
is the density matrix of the initial fermion f1 and ~P
f1 its polarization, |~P f1| ≤ 1. Eqs.
(7), (30) and (31) imply
ρf2λλ′ =
1
2πN0aλρ
′
−λ−λ′a
∗
λ′ , (32)
with
ρ′ = D1/2(Ω)†ρf1D1/2(Ω) = 1
2
[I +D1/2(Ω)†~σ · ~P f1D1/2(Ω)]. (33)
Here Ω ≡ (θ, φ) and D1/2(Ω) = D1/2(φ, θ, 0). The probability conservation requires that∫
dcosθdφ
∑
λ
ρf2λλ(θ, φ; p) = 1, (34)
which fixes
N0 = |a+|2 + |a−|2. (35)
Now we introduce the helicity frame, defined by the following three mutually orthogonal
unit vectors:
eˆL =
~p
p
, eˆN =
kˆ × eˆL
|kˆ × eˆL|
, eˆT = eˆN × eˆL; (36)
here kˆ is a unit vector in the direction of the z-axis of the rest (canonical) frame of f1.
Then, setting
Pi = ~P f1 · eˆi, i = T,N, L, (37)
we get
ρ′ = I + σ1PT + σ2PN + σ3PL (38)
7
and Eqs. (32) and (38) yield
ρf2±± =
1
4πN0 |a±|
2(1± PL), ρf2±∓ =
1
4πN0a±a
∗
∓(PT ∓ iPN). (39)
In comparing the theoretical expressions with data, one has to integrate the density
matrix over Q1, Q2 and Q, which uniquely determine p:
Q1 =
√
p2 +Q22 +
√
p2 +Q2. (40)
The integrated density matrix reads as
ρ¯f2(θ, φ) =
∫
dQ1w1(Q1)
∫
dQ2w2(Q2)
∫
dQwS(Q)ρ
f2(θ, φ; p). (41)
Here each weight function w(Q) is proportional to the modulus squared of the propagator
of the particle - see Eq. (5)4 - , normalized so that
∫∞
0
dQw(Q) = 1. It coincides with
the relativistic Breit-Wigner distribution function, which amounts to 2Qδ(Q2−m2) for a
stable particle. The integration (41) is non-trivial in principle, since ρf2(θ, φ; p) depends
on p through the decay amplitudes and through ρf1 . However, the latter dependence may
be generally neglected[61]; moreover, if the widths of the particles involved in the decay
are sufficiently narrow - as it usually happens for on-shell particles, especially in weak
decays -, also the former dependence is very mild. A different case will be treated in
Sects. 5 and 6.
3.2 Differential Decay Width and Polarization of f1
It is convenient to introduce the normalized differential width of the decay (2), which we
denote shortly as
I(Ω) =
1
Γ
d2Γ
dcosθdφ
. (42)
It results
I(Ω) =
∑
λ
ρf2λλ =
1
4π
(1 + α0asPL), α
0
as =
∆N0
N0 (43)
where
∆N0 = |a+|2 − |a−|2. (44)
If parity is conserved, the asymmetry parameter α0as - the so-called analyzing power of
spin[23] - vanishes and the polarization of the parent resonance cannot be determined by
means of the observable (42). If the decay is weak, this polarization can be determined,
4The weight functions of the initial and final fermions are related to their propagators, respectively,
in the production process and in the secondary decay.
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either by fitting the first expression (43) to the experimental data, or by means of the
asymmetry[62]
A = N(pe > 0)−N(pe < 0)
N(pe > 0) +N(pe < 0)
, (45)
where pe = ~p · eˆ, eˆ is a unit vector and N(pe > 0) [N(pe < 0)] is the number of events
for which pe is positive (negative). This observable is related to ~P
f1, as follows from Eq.
(43):
A = α0as ~P f1 · eˆ. (46)
3.3 Polarization of f2
This observable is defined as
I(Ω)~P f2(Ω) =
∑
λλ′
ρf2λλ′~σλ′λ. (47)
By considering the components of the polarization along the unit vectors (36), and
substituting Eq. (32) into Eq. (47), we get
I(Ω)P f2L (Ω) =
1
4π
(PL + α
0
as), (48)
I(Ω)P f2T (Ω) =
|Φ0|
2π
(cosψ0PT − sinψ0PN), (49)
I(Ω)P f2N (Ω) =
|Φ0|
2π
(sinψ0PT + cosψ0PN), (50)
where the P f2i (i = T,N, L) are defined analogously to Eq. (37) and
Φ0 = |Φ0|exp(−iψ0) = 1N0a+a
∗
−. (51)
It is interesting to consider the orthogonal polarization vector of f1, ~P⊥ = PT eˆT + PN eˆN ,
and the analogous one for f2. Indeed, Eqs. (49) and (50) imply that ~P
f2
⊥ is rotated with
respect to ~P⊥ by an angle equal to the phase ψ0, Eq. (51). In this connection, we stress
that a kinematical feature is strictly related to a dynamical one, owing to the fact that
different helicity states undergo different interactions, possibly producing different phases.
Moreover, |~P f2⊥ | < |~P f1⊥ |, as results from Eqs. (49) to (51) and the Schwartz inequality.
At this point, three remarks are in order.
A) The phase ψ0 - which as seen corresponds to a geometrical angle - is a T -odd
observable, as results from Eqs. (49) and (50). Indeed, if as usual one chooses kˆ along
a given momentum, P f2N is T -odd, P
f2
T is T -even and ψ changes sign under T -inversion.
But also a different convention, such that P f2N is T -even and P
f2
T T -odd, would give rise
to the same result. Therefore, we conclude that the phase is intrinsically T -odd.
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B) If f1 is unpolarized, the polarization of f2 can be only longitudinal and is nonzero
only if parity is violated. On the other hand, the orthogonal polarization ~P f2⊥ may be
present also in strong and electromagnetic decays; in these cases, it can be used for
revealing the polarization of the parent resonance, which, as shown in Subsect. 2.2,
cannot be detected by the differential decay width.
C) Last, considering the normalized amplitudes a¯λ = aλ/
√N0, we observe that their
moduli and relative phase can be determined from the coefficients that appear in the
expressions of I(Ω) (or of P f2L ) and of P
f2
T (N), taking account of the relation |a¯+|2+|a¯−|2 = 1.
4 On-shell Case - Polarizations in f1 → f2V Decay
We take account of the first Eq. (11) and proceed analogously to the previous section;
then, the spin density matrix of the (f2-V ) system reads as
ρµµ
′
λλ′ =
1
2πN1δΛ,µ−λaµ,λρ
′
Λ,Λ′δΛ′,µ′−λ′a∗µ′,λ′ , (52)
where ρ′ is given by Eq. (38) and aµ,λ are the helicity amplitudes introduced in Subsect.
2.3, with λ, λ′ = ±1/2 and µ, µ′ = 0, ±1. By assuming the same approximations discussed
in Subsect. 3.1, we get
I(Ω) =
∑
µ,λ
ρµµλλ =
1
4π
(1 + α1asPL), α
1
as =
∆N1
N1 (53)
where, in this case,
N1 = |a+1,+|2+|a−1,−|2+|a0,+|2+|a0,−|2, ∆N1 = |a+1,+|2+|a0,−|2−|a0,+|2−|a−1,−|2. (54)
Moreover, the polarization of f2 reads as
I(Ω)~P f2(Ω) =
∑
λλ′µ
ρµµλλ′~σλ′λ. (55)
Then,
I(Ω)P f2L (Ω) =
1
4π
(H +KPL), (56)
I(Ω)P f2T (Ω) =
|Φ1|
2π
(cosψ1PT − sinψ1PN), (57)
I(Ω)P f2N (Ω) =
|Φ1|
2π
(sinψ1PT + cosψ1PN), (58)
where
H(K) = 1N1 (|a+1,+|
2 ± |a0,+|2 − |a0,−|2 ∓ |a−1,−|2), (59)
Φ1 = |Φ1|exp(−iψ1) = 1N1a0,+a
∗
0,−. (60)
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The behavior of the polarization of V is different. We have
I(Ω)~P V (Ω) =
∑
λµµ′
ρµµ
′
λλ
~Sµ′µ, (61)
where ~S ≡ (S1, S2, S3), the Si denoting the spin matrices[63] for vector objects. Then
I(Ω)P VL (Ω) =
1
4π
(J + LPL), (62)
I(Ω)P VT (Ω) =
√
2
4π
[|Φ+|(cosψ+PT − sinψ+PN) + |Φ−|(cosψ−PT + sinψ−PN)], (63)
I(Ω)P VN (Ω) =
√
2
4π
[|Φ+|(cosψ+PN + sinψ+PT ) + |Φ−|(cosψ−PN − sinψ−PT )], (64)
where
J (L) = 1N1 (|a+1,+|
2 ∓ |a−1,−|2), Φ± = |Φ±|exp(∓iψ±) = 1N1a±1,±a
∗
0,±. (65)
We may re-write Eqs. (63) and (64) as
I(Ω)P V⊥i(Ω) =
√
2
4π
[|Φ+|Rij(ψ+) + |Φ−|Rij(−ψ−)]P⊥j , (i, j = T,N), (66)
where R is a matrix which describes a rotation around ~p. It is worth observing that, if
ψ+ = ψ− = 0, ~P V⊥ is parallel to
~P⊥, any deviation being due to a non-trivial phase.
The remarks A) and B), at the end of Subsect. 3.3, hold also in the vector case;
moreover the experimental measurements of I(Ω) and of the polarizations of f2 and V
allow to determine the moduli of the 4 normalized amplitudes a¯µ,λ = aµ,λ/N1 and their
relative phases.
5 Off-Shell Bosons and V -S Interference
Here we treat a decay of the type (2) where B consists of a scalar and a vector boson: one
or both of them are virtual, they interfere and manifest themselves through a common
decay mode. As an example, we consider the typical semi-leptonic decay
f1 → f2 (W, H)→ f2 ℓ νℓ, (67)
where the charged leptons ℓ with all momenta and directions are included. In this case,
the p-dependence of the density matrix of the (f2-B) system (B = V and S) is no longer
trivial, one has to integrate over Q1, Q2 and Q. We have
ρ˜(Ω) =
∫
dQ1w1(Q1)
∫
dQ2w2(Q2)
∫
dQwV (Q)ρˆ(Ω; p). (68)
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Here ρˆ(Ω; p) is obtained from Eq. (52) by substituting
a0,λ → a0,λ + at,λ + xaλ, N1 → Nv, (69)
where
x = BS(Q)/BV (Q), Nv = |a+1,+|2 + |a−1,−|2 +
∑
λ
|a0,λ + at,λ + xaλ|2 (70)
and, according to Sect. 2, BV (S) is proportional to the propagator of the vector (scalar)
boson, normalized in such a way that |BV (S)|2 = wV (S). The expressions (53), for
the differential decay width, and (56)-(58) and (62)-(64), for the components of the
polarizations of the final particles, must be modified according to the substitutions
(69) and to the integration (68); however, such transformations are linear, therefore the
structure of those expressions is preserved.
The present treatment generalizes the cases of Sects. 3 and 4. The integration (68)
is generally trivial as regards the variables Q1 and Q2, since the particles f1 and f2 are
on-shell and usually have narrow widths. Moreover, the integration over Q does not affect
the polarization of f1[61].
6 Measurements of Polarizations of Final Particles
The polarization of f2 can be determined by means of a (weak) secondary decay of the
fermion, analogously to the method described in Subsect. 3.2. In the case of the semi-
leptonic top quark decay, first Eq. (1), the orthogonal polarization of the b-quark could
be measured by exploiting its relation to the azimuthal dependence of the momentum of
a hadron (say the B meson) produced in the quark fragmentation[64].
As regards the polarization of the boson V , one has to elaborate a more complex
strategy, especially if it is virtual and, possibly, interferes with a scalar boson S. As an
example, consider the case where these bosons decay into two spin-1/2 fermions:
f1 → f2 (V, S)→ f2 f ′1 f ′2, (71)
which includes the semi-leptonic decay of the type (67).
We define a frame - to be denoted by F - at rest with respect to the bosons; here the
momentum of f ′1 reads as
~q ≡ (q sinθ′ cosφ′, q sinθ′ sinφ′, q cosθ′), (72)
where Q =
√
q2 +m21 +
√
q2 +m22 and mi is the mass of f
′
i (i = 1, 2). Then, we consider
the joint distribution I(Ω,Ω′), with Ω′ ≡ (θ′, φ′). This is normalized in such a way that
∫
dΩ
∫
dΩ′ I(Ω,Ω′) = 1, (73)
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with dΩ = dcosθdφ and dΩ′ defined analogously. Using the formalism introduced in the
previous sections, we get
I(Ω,Ω′) =
∫
dG
∑
λ′
1
,λ′
2
,µ
[ρ′B(Ω,Ω′; p)]µµβλ′
1
,λ′
2
(q)δλ′
1
−λ′
2
,µ. (74)
Here λ′i is the helicity of the fermion f
′
i ,
βλ′
1
,λ′
2
(q) =
1
N ′ |bλ′1,λ′2(q)|
2, N ′ =
∑
λ′
1
,λ′
2
|bλ′
1
,λ′
2
(q)|2 (75)
and bλ′
1
,λ′
2
(q) are the helicity decay amplitudes for the secondary decay of the bosons5.
Moreover,
ρ′B(Ω,Ω′; p) = D1(Ω′)†ρB(Ω; p)D1(Ω′), (76)
and
ρBµµ
′
(Ω; p) =
∑
λ
ρˆµµ
′
λλ (Ω; p) (77)
is the density matrix of the bosons, with ρˆ(Ω; p) being defined in the previous section and
D1 being the Wigner rotation matrix for spin-1 objects. Last, dG denotes synthetically
the integration (68). Note that also the parameters βλ′
1
,λ′
2
depend on Q through the
momentum q. The density matrix ρB(Ω; p) may be parametrized as[24]
ρB(Ω; p) =
1
12π
(I +
3
2
~S · ~PB +
√
3
2
3∑
i=1
Titi). (78)
Here
Ti = S3Si + SiS3, i = 1, 2, T3 = 3S
2
3 − 2I, (79)
where PBi and ti (i = 1,2,3) are functions of Ω and p. More precisely, P
B
i are the
components according to the frame F of the polarization vector of B and ti are 3 of
the 5 components, according to the same frame, of the irreducible alignment tensor[24].
Inserting the parametrization (78) and Eq. (76) into Eq. (74) yields
I(Ω,Ω′) =
1
16π2
[1 + αBasP¯
B
L + αtT¯ ], (80)
where
αBasP¯
B
L =
3
2
∫
dG(|β++|2 − |β−−|2)PBL , (81)
αtT¯ =
√
3
2
∫
dG[|β++|2 + |β−−|2 − 2(|β+−|2 + |β−+|2)]T , (82)
T = zLtL − 1
2
t3(1− z2L). (83)
5We have bλ′
1
,λ′
2
= bVλ′
1
,λ′
2
+ bSλ′
1
,λ′
2
, where bSλ′
1
,λ′
2
is zero for the combinations λ′1 = λ
′
2 = ±.
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Here, P¯BL andzL denote the projections along ~q, respectively, of the average polarization
and of zˆ, this latter being the unit vector along the z-axis of the frame F . Furthermore,
tL =
∑3
i=1 tiqi/q, where qi are the components of ~q according to that frame. It is worth
remarking that the rather complicated and apparently unnatural expression of T , Eq.
(83), corresponds to the fact that the three operators (79) are not the components of a
vector, but rather of the alignment tensor[24].
The polarization of B can be extracted from the distribution (80) by two different
methods:
a) by performing a best fit, using αBasP¯
B
i and αtt¯i (i = 1, 2, 3) as free parameters
6:
this may work if a wealth of data are available, typically with the top quark;
b) otherwise, by measuring, analogously to (45), the asymmetry,
AB = N(qr > 0)−N(qr < 0)
N(qr > 0) +N(qr < 0)
, (84)
with qr = ~q · rˆ and rˆ being a unit vector. Indeed, Eq. (80) yields for the observable (84)
AB = αBas ~PB · rˆ. (85)
7 Optimizing Data Analysis
7.1 Best Choice of the Frame
As we have explained, an important observable for detecting signals of NP is the T -odd
component of the polarization, which, according to our convention, coincides with P FN ,
where the suffix F denotes either f2 or the boson V , this latter possibly interfering with
a scalar object. We are looking for the most convenient conditions for measuring it. In
particular, if we choose kˆ ∝ ~P f1, this observable turns out to be proportional to the T -odd
triple product ~P F · ~p × ~P f1, which consists only of quantities inherent in the decay (2).
Of course, this choice of the frame constitutes a drawback from the experimental point
of view, as the direction of the polarization of f1 is not known a priori and has to be
determined by means of Eq. (43); however, it presents some important advantages, as we
are going to illustrate. As a consequence of this choice, one has to set PN = 0 in Eqs.
(49)-(50), (57)-(58) and (63)-(64). This implies that P FN is independent of the azimuthal
angle and it is zero (maximal) when ~p is parallel (orthogonal) to ~P f1.
7.2 Average Polarization
In the frame that we have just defined, we choose an azimuthal plane passing through
~P f1, where we fix the unit vectors iˆ and jˆ in such a way that kˆ = iˆ × jˆ. Then, in the
6the bars indicate weighted averages, according to Eqs. (81) and (82).
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half-space 0 < φ < π, the average polarization reads as
1
2
~PF =
∫ π
0
dφ
∫ π
0
dθsinθ I(Ω)
∑
l
P Fl (Ω)eˆl, l = T,N, L. (86)
Considering separately the contributions corresponding to each unit vector eˆl, the
results are
~Pf2L =
1
2
α0asjˆ +
1
3
P kˆ (
1
2
Hjˆ + 1
3
KP kˆ), ~PBL =
1
2
I jˆ + 1
3
LP kˆ; (87)
~Pf2T = −
4
3
|Φ0(1)|cosψ0(1)P kˆ, ~PBT = −
2
√
2
3
Φ˜TP kˆ; (88)
~Pf2N = −|Φ0(1)|sinψ0(1)P iˆ, ~PBN = −
1√
2
Φ˜NP iˆ. (89)
Here, in the left column of Eqs. (87)-(89), the expressions outside (inside) the parentheses
refer to the f1 → S(V ) f2 decay; moreover P = |~P f1| and
Φ˜T = |Φ+|cosψ+ + |Φ−|cosψ−, Φ˜N = |Φ+|sinψ+ − |Φ−|sinψ−. (90)
In the opposite half-space, ~PFT and the component of ~PFL along kˆ are unchanged, while
~PFN and the component along jˆ of ~PFL change sign. Since kˆ is taken along ~P f1, Eqs. (88)
and (89) show that, also after integration over the half-space, the component of ~PF in the
azimuthal plane is rotated by some angle with respect to the polarization of the parent
resonance. Obviously, in the case considered in Sect. 5, one has to modify the right
column of Eqs. (87)-(89) according to Eqs. (68) and (69).
8 Applications
A) First of all, we consider semi-leptonic decays of the type (1), with polarized initial
particles. If T -odd observables like P FN , or the phase ψ0(1), or the angle between
~PB⊥ and
~P f1⊥ are significantly different than zero[41], or than predictions of electromagnetic final
state interactions[37], this is due to NP. In particular, the NP amplitude may be due to a
charged Higgs contribution, or to a right-handed current, or to a tensor term, with a non-
trivial phase with respect to the SM amplitude. Only a left-handed NP term would not
give rise to any T -odd effect. In this connection, we observe that, if the decay Λb → Λcτ ν¯τ
confirms the anomaly found in the semi-leptonic decay of B[7, 8, 9], a zero value for any
of the above-mentioned T -odd observables would be an indication in favor of a V −A NP
contribution[66].
B) Such observables may imply also TRV; unlike other measurements which were
suggested[32] few years ago, this implication is independent of the CPT theorem. This
last can be tested if data of the CP -conjugated semi-leptonic decays (say, those of t¯ or
Λ¯b) are available.
15
C) Apart from NP, also the T -odd effects which are produced by the strong
interactions[34] are of some interest, as they are not negligible and, in general, not
calculable analytically. These effects can be determined by comparing the normal
components of the polarization in a semi-leptonic and in a non-leptonic decay mode of the
type (2), with f1 and f2 fixed; for example, one could consider the Λb decays (1) and (3).
Also in this case NP could be revealed, provided one can compare such T -odd observables
with those relative to the CP -conjugated decay.
D) Similar NP tests could be performed by exploiting the production process of f1.
Indeed, considering the triple product ~pf1 × ~pb · ~Pf1, where ~pf1 and ~pb are the momenta,
respectively, of f1 and of the initial beam in the laboratory frame, we can define an
asymmetry which is analogous to Eq. (45). If this asymmetry is significantly non-
vanishing, and if it can be compared with the CP -conjugated one, the difference - if any -
is due to TRV and, possibly, to NP. This kind of test is particularly indicated for the top
and the anti-top quarks, which, under some conditions, are strongly polarized[42, 43, 44].
9 Conclusions
Here we resume the main results of our paper, concerning the (quasi-)two-body decays
(2).
- We have derived the expressions of the differential decay width and of the polarization
of the boson B and of the fermion f2, taking account of the widths of the various
resonances. We have found that, if the initial fermion is polarized, the orthogonal
component of the polarization of the final (spinning) particles is rotated, with respect
to the same component of the polarization of f1, by an angle which is related to the
T -odd phase induced by the interactions involved in the decay. This generalizes a result
that we found years ago[62].
- We have shown that, in the cases of spin-1/2 and spin-1 resonances, any component
of the polarization amounts to an asymmetry. Incidentally, the polarizations of the initial
and final fermion constitute useful sources of information, often neglected in the literature.
- We have suggested a method for determining the T -odd observables by optimizing
the data analysis. Such observables appear especially suitable for detecting NP, like the
longitudinal polarization[25] and the differential decay distribution[19] of the top quark
in some kinematic regions. Also T -odd effects of strong interactions could be detected.
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